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Abstract—In this paper, we consider state space modeling
for sequential continuous estimation. We consider the one-step
prediction update, which transforms our previous belief state
(posterior distribution of the previous state) to new belief state
(posterior distribution of the current state). We demonstrate
a recursive algorithm for updating the latent state at every
time by avoiding intractable integral or Gaussian approximation.
The construction of the desired map is pursued through the
optimal transportation theory, and we demonstrate that for the
large class of log-concave state transition functions, the one-step
prediction problem for continuous hidden variable is solvable
through convex optimization.
Index Terms—machine learning, KL divergence, optimal transport, state space models, convex optimization

I. I NTRODUCTION
State space models involve sequential estimation of an
unknown-changing quantity. It is well known that In many
applications, we need to deal with problem to estimate an
unknown quantity that is changing over time from sequential
data. Sequential data includes the measurements of either
time series such as speech or non-time series such as DNA
sequence. Independent and identically distributed (i.i.d.) assumption on a set of measurements simplifies the underlying
mathematics of statistical inference. However, it would fail
to exploit the sequential pattern of the data. Typically, this
problem has been addressed using sliding window techniques.
More systematic methods have been also developed by defining a probabilistic model that captures the time evolution and
measurement process [1], [2].
The basic question that we have in this situation is how to
predict the future outcome given the previous observations.
Intuitively, we can expect the recent observations make a
greater contribution to the next outcome than more historical
observations. This leads to developing Markov models where
the next outcome depends on the most recent observations but
not on all the past observations. The state space model (SSM)
provides us a general framework to consider this problem
by introducing the latent variables (states) [3]. It describes
the probabilistic dependence between the latent state variable
and the observation. The hidden Markov model (HMM) corresponds to the SSM where the latent process (Xi )i≥1 is a
Markov process and (Yi )i≥1 are conditionally independent
given Xi [4]. The Kalman filter enables an efficient way to
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perform posterior updates for linear Gaussian models where
(Xi )i≥1 is a Gauss-Markov process and the likelihood model
is linear additive Gaussian system [5]. In this paper, we
consider the Hidden Markov models where each Xi has a
continuous distribution but no Gaussian assumptions are made.
One of the primary goals in using the SSM is to recursively
update our belief state, which is quantified as the posterior
distribution of the latent state at time t given the observations
up to time t. Usually, a linear-Gaussian SSM is considered
so that the latent variables as well as the observations are
multivariate Gaussian distributions whose means are linear
functions of the states at the last iteration. Although the
Gaussian assumption provides us efficient algorithms for
learning and inference, this has significant limitations to be
applied to various applications. For example, it implies the
posterior distribution is Gaussian, which is often a poor
approximation. In this paper, we propose an efficient approach
to compute the evolution of the distribution of the latent
state (our belief), conditioned on all the observation at that
time without Gaussian approximation. The proposed method
constructs an optimal map to perform the one-step prediction
update and transform the previous belief (PXi |Y1:i ) to the
current belief (PXi+1 |Y1:i ) through optimal transport theory
[6], [7], [8]. When the state transition probability distribution
is the log-concave, the proposed method can be phrased as a
convex problem. The class of the log-concave is quite broad,
which includes the uniform, exponential, Gaussian, logistic
regression function, etc. Then we show that the construction
of the nonlinear optimal can be solved through the convex
optimization problem. Thus the belief update problem in the
SSM, called the one-step prediction problem, can also be
efficiently solved through convex optimization.
The rest of the paper is organized as follows. Section II
describes a general push-forward theorem to transform a distribution to another distribution. Section III briefly explains the
SSM and its one-step prediction problem. Section IV describes
how the one-step prediction problem can be efficiently solved
through optimal transport theory and convex optimization.
Section IV-A implements the proposed algorithm using the
polynomial chaos expansion. Section V concludes the paper
with discussion.
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II. G ENERAL P USH -F ORWARD T HEOREM
Before we go into the details of the recursive algorithm
for the SSM, we present a general push-forward theorem to
transform a distribution P to another distribution Q.
Consider a set W ⊂ Rd for some d. Define the space of all
probability measures on W as P (W).

𝑃

𝑃

𝑆 ∗ (𝑢)

𝑆(𝑢)

Definition II.1 (Push-forward). Given P ∈ P (W) and Q ∈
P (W), we say that the map S : W → W pushes P to
Q (denoted as S# P = Q) if a random variable W with
distribution P results in Z , S(W ) having distribution Q.

𝑄

We say that S : W → W is a ‘diffeomorphism’ on W if
S is invertible and both S and S −1 are differentiable. Denote
the set of all diffeomorphisms on W as S(W). With this, we
have the following lemma from standard probability:

Fig. 1. Transformation from a distribution P to Q. There are maps S ∗ that
push forward P to Q. Using an arbitrary map S will always push forward
some P̃S to the target Q, as shown above. But the P̃S does not need to be
the P we started from.

Lemma II.2. Consider a diffeomorphism S ∈ S(W) and
P, Q ∈ P (W) that both have densities p, q with respect to
the Lebesgue measure. Then S# P = Q if and only if

We instead consider finding maps, for which det (JS (u)) >
0, so we consider the following (implied) modified Jacobian
equation:
p̃S (u) = q(S(u)) det (JS (u))

p(u) = q(S(u)) |det (JS (u))|

for all u ∈ W

(1)

where |det (JS (u))| is the absolute value of the determinant
0
of the Jacobian of S at u, that is, JS (u) ≡ S (u).
From now let us denote S to push forward P to Q as S ∗ .
Then we can consider an arbitrary map S, which pushes some
other P to Q as shown in Fig. 1.
We then search over all possible maps S that pushes forward
some P̃S to Q. That is, finding a differentiable map S to push
forward P to Q is equivalent to search over all the maps S
and stopping when P̃S = P . Based on the Kullback-Leibler
divergence, we have the following optimization problem to
search the optimal map S ∗ :
S

∗

(2)

=

arg min D(P |P̃S )
S


p(u)
arg min EP log
S
p̃S (u)


p(u)
arg min EP log
S
q(S(u)) |det (JS (u))|
arg min EP [log p(u) − log q(S(u))
− log |det (JS (u))|]

(5)

=

arg max EP [log q(S(u)) + log |det (JS (u))|] .(6)

=
=
=

(3)
(4)

S

S

The essence of this problem is at the core of optimal transport
theory [8], [9], and in the most general sense is intractable. For
example, here we have the issue of trying to taze out maps, for
which det (JS (u)) > 0, and others, for which det (JS (u)) <
0. Both classes of maps are equally as good; however, from
an optimization viewpoint, the latter leads to non-convexity in
an optimization problem. As such, we plan to try to find only
one such solution satisfying the Jacobian equation, for which
it can be efficiently found.

(7)

where det (JS (u)) > 0. Then we define a map S as:
Definition II.3. We say a map S is a monotonic diffeomorphism, if it satisfies the followings:
• S is differentiable,
−1
• S
exists and is differentiable,
• JS (u) is positive definite, denoted as JS (u)  0, for all
u.
Let us define MD to be the set of all monotonic diffeomorphisms on Rd . This immediately leads to the following
optimization problem:
S∗

=

arg min D(P kP̃S )

=

arg max EP [log q(S(u)) + log det (JS (u))] (9)

S∈MD

(8)

S∈MD

To emphasize, this means we are guaranteed to find a map
S that pushes P to Q while searching over only monotonic
diffeomorphisms. We now note that for a large class of P and
Q problems, we can find S ∗ by an efficiently solvable convex
optimization problem. Because log det(·) is strictly concave
over the space of positive definite matrices, this means that
if log q(u) is concave, then log q(S(u)) + log det (JS (u)) is
concave over all S.
Theorem II.4. If log q(u) is concave in u, then finding a map
S that pushes P to Q is a convex optimization problem over
MD, the space of monotonic diffeomorphism.
The proof of this follows because convex combinations of
positive definite matrices are positive definite, and because the
log det operator is strictly concave over the space of positive
definite matrices. This is the key general push forward theorem
that we will make use of in the following sections. In essence,
as long as P is easy to sample from and Q is a member of
the log-concave family of distributions, then we can efficiently
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solve a convex optimization problem to find S ∗ . When P is
represented a prior distribution and Q represented a posterior
distribution, it was demonstrated that this framework could
apply to perform the efficient Bayesian inference through
convex optimization [10], [11].
III. S TATE S PACE M ODEL
The SSM aims to estimate the hidden state given the
observation. In a general formulation, let xt denote the state
at time t and yt denote a set of observations up to time t. The
posterior probability of the state xt given the observation yt
is given by

IV. O PTIMAL T RANSPORT AND O NE -S TEP P REDICTION
U PDATE
Imagine that X lies in a continuum. Suppose the random
process (Xt : t ≥ 1) is a Markov process. Assume Xt−1 is
drawn according to pXt−1 |Yt−1 , and Xt is drawn according
to qXt |Yt−1 . Let us denote xt−1 as u and xt as u0 for the
notational simplicity, and then Q(u0 |u) represents the state
transition rule, PXt |Xt−1 =u . By the integral in the equation
(14), q is given by
q(u0 ) =

Z

p(u)Q(u0 |u)du.

(15)

u∈X

p(xt |yt )

=
=
=

p(xt , yt )
p(yt )
p(xt |yt−1 )p(yt |xt , yt−1 )
p(yt |yt−1 )
t−1
p(xt |y )p(yt |xt , yt−1 )
p(yt |yt−1 )

(10)
(11)

where p(yt |xt , y ) represents the observational distribution.
The one-step prediction density defined by the ChapmanKolmogorov equation is
Z

p(xt |xt−1 )p(xt−1 |yt−1 )dxt−1 ,

p̃S (v)

(12)

t−1

p(xt |yt−1 ) =

Under an arbitrary map S, by inserting the equation (15)
into the equation (7), we get
= q(S(v)) det (JS (v))
(16)
Z

=
p(u)Q(S(v)|u)du det (JS (v)) . (17)
u∈X

Thus we have that

Z
p(v)
p(u)Q(S(v)|u)du
= log p(v) − log
log
p̃S (v)
u∈X
− log det (JS (v))
= log p(v) − log βS(v) − log det (JS (v))

(13)
where

which includes two integrand components: p(xt |xt−1 ) that
represents the state transition probability and p(xt−1 |yt−1 )
that the posterior distribution from the last iteration step.
By inserting the equation (13) into the equation (12), we
get the recursive algorithm for the evolution of the posterior
distribution of the latent variable xt as follows:
p(xt |yt )
Z
p(yt |xt , yt−1 )
p(xt |xt−1 )p(xt−1 |yt−1 )dxt−1 (. 14)
=
p(yt |yt−1 )
The equation (14) denotes the exact posterior distribution of
the hidden variable, xt . It allows us to compute the dynamic
evolution of the hidden state given all the observations up
to that time t. However, the integration in (14) is usually
intractable except for certain cases such as Gaussian systems.
There have been developed several ways to compute the
recursive equation in (14), and they depends on the tradeoff between computation and accuracy. Typically, Gaussian
approximation on the posterior in (14) is made for computational efficiency, however, the Gaussian approximation can
deviate from the true distribution, when the posterior is a
distribution with multiple modes or asymmetric distribution. In
this paper, we propose an efficient one-step prediction method
to transform a posterior distribution at the last time, t−1, into a
posterior distribution at the current time, t through a nonlinear
high-dimensional map through the optimal transport theory.
The construction of the nonlinear map can be efficiently
solvable through the convex optimization by making a mild
assumption on the state transition distributions.

Z
βa

p(u)Q(a|u)du.

,

(18)

u∈X

Thus, it is our objective to find an optimal to minimize the
KL-divergence between the true P and the designed P̃S as the
following:


S ∗= arg min D P kP̃S
S∈S(X)
Z


log βS(v) + log det (JS (v)) p(v)dv (19)
= arg max
S∈S(X)

v∈X

We now take an aside and represent log βS(v) in a variational
form. Assume S(v) = a for some a. Define p(u|a) as
p(u)Q(a|u)
.
βa

(20)

log βa − max D(zkν(·|a))

(21)

max log βa − D(zkν(·|a))

(22)

ν(u|a)

=

And note that
log βa

=

z∈P(X)

=

z∈P(X)

where z ∗ (u) above satisfies z ∗ (u) = ν(u|a). Carrying on, we
can simply the above as
Z
log βa = max
z(u) log βa du
(23)
z∈P(X) u∈X
Z
ν(u|a)
du
(24)
+
z(u) log
z(u)
u∈X
Z
p(u)Q(v|u)
= max
du. (25)
z(u) log
z(u)
z∈P(X) u∈X
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Thus by defining
Γ(z, v, S)

S(v) =

Z

p(u)Q(S(v)|u)
du + log det (JS (v))(26)
,
=
z(u) log
z(u)
u∈X
and we have that
log βS(v) + log det (JS (v))

=

max Γ(z, v, S) (27)

z∈P(X)

Thus by combining the above equation with (19), we have
Z


S ∗ = arg max
log βS(v) + log det (JS (v)) p(v)dv
S∈S(X)
v∈X
Z
= arg max max
Γ(z, v, S)p(v)dv.
(28)
S∈S(X) z∈P(X)

v∈X

Thus we have that
S



Z

∗

= arg max
S∈S(X)

'
|{z}

max Γ(z, v, S) p(v)dv(29)
v∈X

arg max

Vi i.i.d.∼p(v)

S∈S(X)



z∈P(X)

N
1 X
max Γ(z Vi , Vi , S).(30)
N i=1 zVi ∈P(X)

=

For example, if X = [−1, 1] and P is uniformly distributed,
then φ(j) (v) are the Legendre polynomials. If X = R and P
is Gaussian, then φ(j) (v) are the Hermite polynomials [13].
Remark 1. In principle, any basis of polynomials, for which
the truncated expansion of functions is dense in the space of all
functions on X, suffices. Using the PCE where orthogonality
is measured with respect to the prior, means that computing
conditional expectations and other calculations can be done
only with linear algebra.
Now define K = |J | and we have that for X ⊂ R:
=

[g1 , . . . , gK ],

d × K (32)

=

[φ(1) (v), . . . , φ(K) (x)]T ,

K × 1 (33)

S(v)

= F A(v),
 (i) 
∂φ
(v)
,
=
∂xj
i,j

d×1

= F JA (v),

d × d. (36)

JS (v)

N
1 X
Γ(zkVi , Vi , S)
S∈S(X) N i=1
N Z
1 X
= arg max
zkVi (u) log Q(S(v)|u)du
S∈S(X) N i=1
u∈X

arg max

arg max
S∈S(X)

1
MN

(34)

K × d (35)

Note that as K → ∞, we develop a richer and richer set
of candidate functions representative of S(X). Extension to
X ⊂ Rd can be done using tensor products where

4) (‘M’-like step). Define

=

F
A(v)

JA (v)

z∈P(X)

Sk+1 =

(31)

where φ(j) (v) ∈ R are d-variate bases and gj ∈ Rd are basis
coefficients, with d being the dimension of W. One natural way
to do this, for example if X ⊂ R, is to perform a polynomial
chaos expansion (PCE) [13], [14] where
(
Z
Ci , i = j
(i)
(j)
φ (v)φ (v)p(v)dv =
0,
i 6= j.
v∈X

arg max Γ(z, v, Sk )

= ν (·|Sk (v))

gj φ(j) (v)

j∈J

We can formulate this as an alternating minimization algorithm to generate a series of zk and Sk objects by fixing one,
optimizing the other, and going back and forth [12].
1) Let k = 1 and assign Sk to be the identity map.
2) Draw (Vi )i=1...n i.i.d. from p(v)
3) (‘E’-like step). For each v = V1 , ...v = Vn , define
zkv (·)

X

φ(j) (v) =

d
Y

ψja (va )

a=1

where ψja is a univariate polynomial of order ja , and
j → (j1 , . . . , jd ) is defined in a standard diagonal manner.
For example, if d = 2, then we have j → (j1 , j2 ) constructed
as:
0 → (0, 0), 1 → (0, 1), 2 → (1, 0),
3 → (0, 2), 4 → (1, 1), 5 → (2, 0),

+ log det (JS (v))]
N X
M
X
[log Q(S(v)|ui,j )
i=1 j=1

+ log det (JS (v))]

and so

where for a fixed i, (ui,j )j=1,...,M are drawn i.i.d. from
zkVi (·).
5) Let k = k + 1 and go to 2.

φ(0) (v) = ψ0 (v1 )ψ0 (v2 ), φ(1) (v) = ψ0 (v1 )ψ1 (v2 ),
φ(2) (v) = ψ1 (v1 )ψ0 (v2 ), φ(3) (v) = ψ0 (v1 )ψ2 (v2 ),
φ(4) (v) = ψ1 (v1 )ψ1 (v2 ), φ(5) (v) = ψ2 (v1 )ψ0 (v2 ).

A. Implementation
Note that the optimization problem in ‘M’-like step is
a search over a space of functions, and is thus in general
not computationally feasible. Rather than optimizing over
functions, we can search for coefficients of orthogonal basis
functions by approximating any S ∈ S(X) as a linear combination of basis functions. That is, we can represent any S ∈ S(X)
as:

It should be noted that with PCE, an orthogonal basis with
respect to the prior measure is used. As mentioned above, there
are well-known polynomial families that have this property
with respect to well-known distributions. However, in general,
constructing an orthogonal basis with respect to a general
distribution is highly non-trivial and is the subject of intense
research in the statistical community [15]. To emphasize, the
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construction is not necessarily dependent on the choice of PCE
as the representation of the map.
With the linear basis expansion, we have that
log det JSy (x) ≡ log det (F JA (x)). By approximating
the set of all functions using truncated PCE, we now define
an optimization problem that is in essence the same problem
in (9) as follows:
F∗

+

N M
1 XXh
log Q(F A(v)|ui,j )
F ∈Rd×K M N i=1 j=1
i
log det (F JA (v))
(37a)

s.t.

F JA (v)  0

=

arg max

(37b)

where for a fixed i, (ui,j )j=1,...,M are drawn i.i.d. from zkVi (·).
This optimization problem can be easily implemented with
convex optimization software such as CVX in MATLAB,
CVXPY, etc. [16].
This leads to our following key theorem:
Theorem IV.1. If p(·) is log-concave, if Q(·|u) is log-concave
for each u, and Q(u0 |·) is log-concave for each u0 , then
performing the one-step prediction update can be solved with
convex optimization.
Proof. If p(·) and Q(u0 |·) are log-concave, then the E-step
corresponds to finding the posterior distribution for Bayesian
inference under log-concavity of the posterior distribution ν.
As such, we can implement our previously developed convex
optimiation methodology discussed in [11] [10]. If Q(·|u)
is log-concave, then the M-step given by (37) can also be
perfomed with convex optimization. Because this is a sequence
of alternating KL divergence minimizations over convex sets,
we have that this algorithm is guaranteed to converge to its
optimal solution, from the i-Projection framework of Csiszar
[17, Thm 3].
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V. D ISCUSSION
This methodology allows for full implementation of the
nonlinear filter for state-space modeling in general conditionsn
that extend beyond simple Guassian state space models. For
example, many point process filtering techniques [18], [19]
use a linear Gaussian state space model for X and a point
process generalized linear model for the point process Y . This
framework, which is efficient and guaranteed to converge, can
be used instead to provide more accurate quantification of
uncertainty. In future work, we will compare our methods
to recently developed particle filtering algorithms for nonGaussian, non-linear state space estimation applications [20].
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